The influence of surface stress and small scale on the dynamic pull-in behavior of nano-bridges is investigated in this paper. For this purpose, the governing equation of motion is derived based on the modified couple stress theory and Homotopy Perturbation Method with an auxiliary term is employed to produce the approximate solution of nano-beam vibrations. The effects of actuation voltage, initial conditions, surface energy and length scale parameter on the pull-in instability and fundamental frequency of the system are studied. The accuracy of proposed asymptotic approach is validated with numerical simulations. The obtained results from asymptotic analysis reveal that two terms in series expansions are sufficient to produce an acceptable approximation. The nano-actuator dynamics exhibit periodic and homoclinic orbits.
INTRODUCTION
In recent years, a great deal of progress has been made in the development and fabrication of micro and nano-electro mechanical systems (MEMS/NEMS). The application of this emerging class of engineering devices especially the electrically actuated nano-scale devices which require low actuation voltage levels are continuously growing. Actuated MEMS/NEMS devices are widely utilized in inkjet printers, switches, gyroscopes, chemo-sensors, micro-manipulators and so on. Recently, several numerical and experimental studies have been conducted on the pull-in instability, static and dynamic behavior of MEMS/NEMS devices [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Vibrations of electrostatically actuated microbeams have been analyzed by Batra et al. [1] . They indicated that for initial gaps between the two conductors which are comparable to the beam's thickness, the fundamental frequency of the beam may first increase with increasing applied voltage, before dropping at the pull-in voltage. Koochi et al. [3] studied the influences of residual surface stress and surface elasticity on the pull-in instability of a cantilever nano-actuator by incorporating the influence of quantum vacuum fluctuations through the Casimir attraction. They obtained an analytical closed-form static solution by employing the modified Adomian decomposition method (MAD). Tadi Beni et al. [6] investigated the torsion-bending coupled pull-in instability of rotational electromechanical nano/micro mirror using a two-degree-of-freedom (2-DOF) model. They demonstrated that the influences of surface effects and intermolecular force on the pull-in voltage of the nano/micro mirror highly depend on the geometrical characteristics of the system. Sedighi and Shirazi [7] presented a new asymptotic procedure to predict the nonlinear vibrational behavior of classical micro-beams pre-deformed by an electric field by employing PEM. Sedighi [8] investigated the size-dependent pull-in instability of micro-beams based on the strain gradient elasticity theory. Batra et al. [11] considered the von Kármán nonlinearity and the Casimir force and developed a reduced-order model for a pre-stressed elliptic electrostatically actuated microplate and studied the vibrations and pull-in instability of micro-structures. A new structure to increase the tunability of RF variable MEM capacitor was presented by Mobki et al. [12] . They showed that by decreasing the minimum capacitance and increasing the maxi-mum capacitance, more tunability could be achieved. Dynamic pull-in instability of nonlocal nano-bridges incorporating the surface effect and intermolecular forces was investigated by Sedighi [15] . He showed that the equilibrium points of the autonomous system include center points with periodic trajectories and unstable saddle points with homoclinic orbits. When the characteristic sizes of materials and devices shrink to nanometers, surface effects often play an important role in their mechanical behavior due to the increasing ratio between surface/interface area and volume [16, 17] . Therefore, much theoretical and experimental attention has been directed towards the investigation of surface effects in micro/nano beam models. Wang and Feng [18] investigated the influence of surface layer properties on the natural frequency of microbeams. Lagowski et al. [19] analyzed the influence of the residual surface stress on the normal mode of vibration of thin crystals. In their model, the residual surface stress was replaced with a compressive axial force. Later, Gurtin et al. [20] reconsidered Lagowski et al.'s model by adding, besides the compressive axial force, a distributed traction over the beam surfaces induced by the residual surface tension under bending. Gurtin et al. [20] concluded that surface elasticity influences the natural frequency of microbeams but residual surface stress does not, in contrast to the results of Lagowski et al.
The nano-scale structures utilized in NEMS also show size-dependent behavior which the classical continuum theory predicts to be independent of the structure size, significantly changes by the structure size [21] . In many experimental researches performed on nano-scale mechanical components, the size-dependency of these structures has been detected. In these studies, it is also observed that for micron and sub-micron scales, the mechanical components show stiffer behavior than that predicted by the classical continuum theory [21] .
The couple stress theory, a powerful non-classical continuum theory has been introduced and elaborated by some researchers such as Koiter [22] , Mindlin and Tiersten [23] . The additional material parameters appearing in this theory (in addition to the two classical Lamet' parameters, elastic modulus and Poisson's ratio) enables the theory not only to capture the size-dependency but also to bring about more accuracy in modelling of the micro-scale structures. Yang et al. [24] introduced the modified couple stress theory by performing a modification on the couple stress continuum theory utilizing the equilibrium equation of moments in addition to the two conventional equilibrium equations. Electro-thermo-mechanical vibration and instability of a fluid conveying composite microtube was investigated by Ghorbanpour Arani [25] based on the modified couple stress theory and Timoshenko beam model. They indicated that the natural frequency and the critical fluid velocity of the smart composite microtube increase with increasing the small-scale parameter.
Fu and Zhang [26] discussed the surface energies on the static and dynamic responses, pull-in voltage and pull-in time of electrically actuated nano beams by applying the Gurtin and Murdoch's theory of surface. They also included the effect of the geometrical nonlinearity in their study. Wang et al. [27] established the mathematical model to estimate the pull-in parameters and the fundamental frequency in a pre-stressed multi-layer microbeam with nonlinearities such as electro static loads and large deformation. Abbasnejad et al. [28] studied the stability of a capacitive functionally graded micro-beam using modified couple stress theory. They demonstrated that the static and dynamic pull-in voltages for some materials cannot be obtained using classic theories and components of couple stress must be taken into account.
The current work attempts to compute the frequency-amplitude relation of doubly-clamped actuated nano-beams by employing a modern asymptotic approach namely Homotopy Perturbation Method with an auxiliary term. In recent times, several approaches have been proposed to solve the nonlinear differential equations such as Homotopy analysis Method [29] , Variational Iteration Method [30] , Variational Approach [31] , Method of Multiple Scales [32] , Max-Min approach [33] , Iteration Perturbation Method [34] , Hamiltonian Approach [35] , Enriched Multiple Scales Method [36] and Homotopy Perturbation Method with an auxiliary term [37, 38] . Recently a new powerful method namely Homotopy Perturbation Method with an auxiliary term proposed by He [39] has proven to be a very effective and convenient way of handling nonlinear problems.
The aim of the present article is to investigate the dynamic pull-in behavior of vibrating nano-bridges incorporating surface effects based on the modified couple stress theory. The acceptable ability of Homotopy Perturbation Method with an auxiliary term to predict the high accurate solutions is demonstrated. The effect of vibrational amplitude, actuation voltage, surface energy and length scale parameter on the pull-in instability and natural frequency is also investigated. To this end, the approximate expressions for vibrational response of actuated nano-beams are presented. The proposed analytical method demonstrates that two terms in series expansions are sufficient to obtain a highly accurate solution. The nano-actuator dynamics exhibit periodic and homoclinic orbits.
EQUATION OF MOTION
A doubly-clamped nano-scale beam, based on the Gurtin-Murdoch model [20] is adopted is this paper. The nano-beam has an elastic surface with zero thickness and specific material properties which accounts for the surface energy effects. As shown in Fig. 1 , the nano-beam has length L, thickness h, width b, density ρ and moment of inertia I. The air initial gap between the structure and rigid plate is g and an attractive electrostatic voltage V causes the nano-beam to deform.
The strain of a material point located at a distance from the middle plane for the nano-beam is represented as
Taking into account the linear relation between the stress and strain, we have σ = Eε, the strain energy can be calculated from
Moreover, the strain energy of an elastic continuum medium using the modified couple stress theory (MCST) can be mentioned as [21] 
where µ represents the shear modulus and l denotes the material length scale parameter. The total strain energy of the nano-structure incorporating MCST can be expressed as
The virtual work W performed by the axial, electrical and surface stress forces incorporating the vonKarman type nonlinear strain can be written as [ 
where N i is the axial force, F es is the electrostatic force per unit length of the nano-beam which is described by [40] F es (x,t) = bεV 2 2(g − w) 2 
in which ε = 8.854 × 10 −12 C 2 N −1 m −2 is the permittivity of vacuum and the parameter β es = 0.65 represents the fringing-field effect. In addition, F s in Equation (5) represents the effective distributed load due to the upper and lower surface tensions [18] . In order to model the surface stress effect, the nano-bridge is divided into three laminated layers, including two surface layers and a core (bulk) layer. The modulus of elasticity for the bulk and surface layers are represented by E and E s , respectively. Based on the theory of surface elasticity [41] in which the surface has a zero thickness, the effective flexural rigidity of the sandwich beam is expressed as [18] (EI) eff = EI + 1 2 E s hA 0 .
It is assumed that constant residual surface tensions exist on both the upper and the lower surfaces and the influence of the residual surface stress on the beam is completely determined by the Laplace-Young equation [41] . The stress jump σ + i j − σ − i j across a surface is related to the curvature tensor κ αβ of the surface by σ
where σ + i j and σ − i j denote the stresses above and below the surface, respectively, n i is the unit vector normal to the surface and σ s αβ is the surface stresses. The curvature of the bending beam is approximated by ∂ 2 w/∂ x 2 , where w denotes the transverse deflection. Equation (8) predicts that the residual surface tension will generate a distributed loading on the surface since ∂ 2 w/∂ x 2 = 0. It is assumed that the upper and lower surfaces have the residual surface tensions τ u and τ l , respectively. Thus, the Laplace-Young equation gives the distributed loading on the two surfaces as
Thereby, the contribution of the two residual surface tensions can be introduced by an effective distributed loading F s on the upper surface by
The kinetic energy is obtained as follows
Applying the Hamilton's principle results into:
After some mathematical computations, the nonlinear governing equation of motion for actuated MCST nano-bridge by incorporating the surface stress effects is expressed as follows
It is seen that both the surface elasticity and residual surface tension affect the dynamic behavior of the structure. By introducing the dimensionless parameters as
the non-dimensional nonlinear equation of nano-beam vibration can be written as
Using Taylor series expansion for electrostatic force in equation (16) leads to
Assuming W (ξ ,τ) = q(τ)φ (ξ ), where φ (ξ ) is the first eigenmode of the doubly-clamped beam and can be expressed as
where λ = 4.73 is the root of characteristic equation. Applying the Bubnov-Galerkin decomposition method, the non-dimensional nonlinear governing equation of motion can be written as follows:
where the coefficients β 0 to β 4 have been described in the Appendix.
APPROXIMATION BY ASYMPTOTIC APPROACH
Consider a general nonlinear governing equation
where L and N are the linear and nonlinear operators, respectively. Recently, He [39] proposed the homotopy equation with an auxiliary term as follows:
where α 1 is an auxiliary parameter andL is a linear operator with a possible unknown constant andL(q) = 0 can approximately describe the solution property. In the nonlinear vibrating problems the linear operatorL is chosen in the form [39] 
where ω is the fundamental frequency. Then, the solution of the problem is expressed in a power series in p where p ∈ [0, 1] is an embedding parameter. Using the standard perturbation method, the nonlinear governing equation is divided into several consequent linear equations which can be used in order to find the high accurate solution of the system. Using Eq. (19) the homotopy equation can be constructed as
Assume that the solution can be expressed in a power series in p as follows:
As the embedding parameter p increases from 0 to 1, the solution of equation (21) varies from the chosen initial guessq 0 (τ) to the solution q(τ) of the considered nonlinear equation. Substituting Eq. (24) into Eq. (23), and rearranging based on powers of p-terms yields
Solving Eq. (25a) gives the initial approximate solution as
substituting q 0 (τ) into the governing differential equation for q 1 (τ) results intö
Eliminating the secular term leads to
The first-order approximate solution with assumption α 1 = 0 is achieved as
In order to achieve the high accuracy solution, the third part of the right hand side of Eq. (24) must be included. A special solution of Eq. (27) can be expressed as
Using the perturbation method and substituting Eq. (30) leads to the third differential equation for q 2 (τ). Solution of the third Eq. (25c) should not contain the so-called secular term cos(ωτ). To ensure so, the right-hand side of this equation should not contain the secular terms, that is, the coefficients of cos(ωτ) must be zero. Solving Eq. (28) for the parameter α 1 leads to
Thereby, substituting this result together with Eqs. (30) and (26) into the right hand side of Eq. (25c) gives the secular term as
Solving Eq. (32) for the fundamental frequency ω leads to
RESULTS AND DISCUSSION
In order to verify the effectiveness of the proposed approach to approximate the analytical solution, the author plots the analytical solutions together with the numerical results, simultaneously. As can be seen in Fig. 2 , the second order approximation for q(τ) exhibits an excellent agreement with numerical results. The effect of normalized parameters on the fundamental frequency and pull-in instability of actuated doubly-clamped nano-beam have been illustrated in Figs. 3 to 5. Fig. 3 shows the characteristic curves of natural frequency for a nano-beam as a function of initial deformation A under some assigned values of applied voltageV . It is demonstrated that this non-dimensional parameters has a significant effect on predicting the pull-in instability and natural frequency. It is obvious from Fig. 3 that as the actuation voltage increases the pull-in instability occurs at the lower values of initial condition A. Figure 4 examines how the fundamental frequency of actuated nano-beam is affected by the axial load parameter f i . As can be observed, the fundamental frequency decreases by increasing the initial amplitude A. Also, it appears from this figure that the pull-in instability occurs at the lower values of initial conditions A, when the axial force parameter decreases.
The influence of non-dimensional parameter µ s on the pull-in behavior of actuated nano-bridges is investigated in Fig. 5 . According to the illustrated results, the pull-in instability occurs at lower values of initial amplitudes, as the surface elasticity parameter µ s decreases. Figure 6 shows the dynamic pull-in voltage of nano-bridges for classical and non-classical beam theories as a function of non-dimensional parameter h/l. As can be observed, the modified couple stress theory predicts size-dependent pull-in voltage, while according to the classical theory the pull-in voltage is independent of the size of the beam. It is exhibited that when the beam thickness is in order of the material length scale, the modified couple stress theory predicts the higher values for pull-in voltage in compari- son with classical theory. In other words, if the material length scale is selected as l = 20 nm substantial difference between the classical and non-classical theories can be observed in nano-scale (h < 100 nm). Figure 7 represents the impact of surface stress parameter κ on the pull-in voltage of vibrating nanobridges. According to this figure, when the beam thickness is in order of the material length scale, the surface stress parameter has no significant effect on the pull-in behavior of the structure. The dynamic pull-in voltage decreases by decreasing the surface stress as the non-dimensional parameter h/l increases. The effect of surface layer stiffness parameter mu s on the dynamic pull-in voltage of nano-structures as a function of length scale parameter h/l is depicted in Fig. 8 . It is clear from this figure that the dynamic pull-in voltage for actuated nano-bridges increases by increasing the surface stiffness parameter.
The time histories and phase portraits of nano-bridges for different values of applied voltages are depicted in Figs. 9 and 10. One can observe that at lower values of actuation voltage, the nano-system exhibits periodic motion around the stable center point in the phase plane. Before the pull-in point, when the actuation parameter increases, time period of vibration increases. As the actuation parameter approaches to the pull-in voltage (hereV = 18.78), the motion trajectories in the phase plane approach to the unstable saddle node. There exists homoclinic orbit which starts from the unstable branch and goes back to the saddle node at the stable one. By increasing the applied voltage and above the pull-in voltage, the nano-beam becomes dynamically unstable and collapse onto the rigid substrate. 
CONCLUSION
In this research, Homotopy Perturbation Method with an Auxiliary Term was employed to investigate the dynamic behavior of actuated nano-bridges based on modified couple stress theory. An excellent analytical solutions using modern asymptotic approach was obtained. The effect of non-dimensional parameters on the fundamental frequency and pull-in behavior of the system was studied. The impacts of length scale parameter, surface stiffness and tension stress on the dynamic pull-in voltage was also investigated. The illustrated results show that the dynamic pull-in voltage decreases by increasing the length scale parameter. Furthermore, the pull-in voltage increases by increasing the stiffness and residual stress of surface layer. The nano-system dynamics exhibit periodic and homoclinic orbits.
